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Abstract 

We show that general infrared modifications of the Einstein-Hilbert 
action obtained by addition of curvature invariants are not viable. 
These modifications contain either ghosts or light gravity scalars. A 
very specific fine-tuning might solve the problem of ghosts, but the 
resulting theory is still equivalent to a scalar-tensor gravity and thus 
gives a corrupted picture of gravity at the solar system scale. The 
only known loophole is that the theory becomes higher dimensional at 
large distances. The infinite number of degrees of freedom introduced 
in this way is not reducible to the addition of an arbitrary function of 
curvature invariants. 
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The observed current accelerated expansion of the universe PQ-[2| is an 
interesting and perplexing problem that has become a serious challenge for 
gravity theory. As a result, a considerable effort to modify gravity has been 
made in order to accommodate this large distance observation. The modifi- 
cations, however, should not contradict solar system gravity experiments, as 
was pointed out in jl], 

The attempts to solve the issue have been based in a variety of approaches. 
Among all of them we distinguish between those with extra dimensions and 
those in which the modification occurs strictly in terms of the 4D action by 
means of introducing local curvature invariants. The key difference between 
these two approaches is that extra dimensions add an infinite number of 
degrees of freedom to the effective 4D theory. These degrees of freedom can 
sum up into a pathology free theory. 

An illustrative example is the Kaluza-Klein theory. A 5D gravity with 
a compact extra dimension is equivalent to an effective 4D theory with an 
infinite number of massive spin-2 degrees of freedom, the sum over the tower 
of Kaluza-Klein modes. As soon as one truncates the series, inconsistencies 
in the theory are produced. Truncation explicitly breaks higher dimensional 
covariance. The lesson one learns is that it is barely possible to consistently 
modify a 4D action by adding a finite number of degrees of freedom, even 
with an infinite number of higher derivative terms. The cancellation of in- 
consistencies occurs only when one adds an infinite number of degrees of 
freedom, like in the case of theories with extra dimensions. A non contradic- 
tory scheme of this kind was suggested in the work jjjj, the authors of which 
developed it further in the context of the proposed in [7| model. 

The purpose of the present paper is to formally show that under very 
general assumptions the approaches based on addition of invariants fail. We 
do this by calculating the propagator for a generic theory of this kind. 

The attractively simple modification of gravity which takes into account a 
generic dependence of the action on the curvature scalar ^J—gR — > y/—gf(R) 
was widely discussed in the infrared regime jHj- However, this modification 
reduces essentially to the theory of Einstein's gravity plus that of an extra 
scalar field. On the language of conformal rescaling this was shown in [TO] . 
Recently we have proved it by explicitly calculating the propagator [TT]. The 
scalar has to be light to influence the infrared behavior of the theory. This 
cannot accommodate both the accelerated expansion and the solar system 
experiments. 

One may wonder, what will happen if we make a more general mod- 
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ification? We can make the action dependent on other scalar invariants, 
yJ—gR — > ^/—gf(R, R^R^, R /J ,upxR IJ ' upX )- Some cosmological applications 
of these models were considered in [12] . the authors of which did not discuss 
the possible appearance of ghosts in the hope that this problem either will not 
raise in these models, or it will be solved by some unknown mechanism. We 
show that changing the action by replacing the scalar curvature by a function 
of the invariants R, R pu R pu , R pup \R pupx does lead to the appearance of ghost 
instabilities. 

Summarizing, we can say that as long as such a theory is weakly coupled, 
it is inconsistent due to negative norm states or because of its contradiction 
with solar system experiments. The reason is that the Einstein-Hilbert action 
altered by terms depending on curvature invariants introduces a finite number 
of poles which correspond either to ghosts or to light scalars. The situation in 
extra-dimensional theories is substantially different. In particular, the DGP 
model [7] satisfactory modifies gravity in the infrared and is ghost free. 
Instead of the poles in the momentum space the propagator has a branch 
cut. This branch cut cannot be formed by the poles appearing when one 
adds a countable number of terms to the original 4D action. 

We start from a generic theory with the action 

S= I ' d A x y/=gf (R, P, Q) + S matter (1) 

where P = R pu R plJ , Q = R pvp \R pvpX , f(R, P, Q) is some function and S matte r 
is the action for the matter fields. We will show that these more generic 
actions suffer from even worse problems than the f(R) one. In particular 
they contain a spin-2 ghost, which makes them unphysical. 

To analyze the theory we will consider it from the point of view of 
propagating degrees of freedom by deriving the particle propagator. In this 
way one can easily see whether there are ghosts, tachyons and what the spins 
of these states are. 

The variation of the action with respect to the metric leads to the equa- 
tions of motion 

(V„V„ - g^ a V a - R^v) fn + 
+ [2V l N a R au - V a V a R pv - g^VVPRcp - 2R a „R«) f P + 

+ {AVN a R a ^ - 2R aMp R^\) f Q + l -fg pu = T pv , (2) 
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where V Q is a covariant derivative and we use the notation 

_ df __ df _ df __ d 2 f 

f = f[R, P, Q), /« = t^, /p = fq = , /ha = ^pj, 

_ <9 2 / _ <9 2 / _ d 2 f _ d 2 f 

frr = Qp-2i /W=ag2' fl ^ = dRdQ' fRP = dRdP' (3) 

These equations have a constant curvature R = Rq = const maximally sym- 
metric solution in vacuum, implying 

P 

R\liva = -^(9Xu9^a — 9Xa9iav) (4) 



and 



R/J.V — -^Ro9fiu- (5) 



The curvature R is defined by the equation 

/ - \RofR - \Rlfp - \RlfQ = o, (6) 

where /, fp, /q should be taken at the point R = R . The other two 
invariants are then Q = Pq/4 and P = Pq/6. 

We want to linearize the equations of motion on the maximally symmetric 
background solution to get the propagator. We take the metric in the form 
9/j.u = 9$ + h fiu , where gf} is the solution of (J2J) corresponding to our constant 
scalar curvature Rq, next expand the equations of motion up to linear order 
terms and find the propagator. As a result we obtain the equation 

Oafish 111 ' = T a p, (7) 

where O a p^ v is the inverse propagator. The explicit form of this operator is 
given in Appendix A. 

In order to find the inverse of the above operator and get the propagator, 
it is convenient to use spin projectors P 2 , P^, Pg 1 , P^ 1 , P^ e , P^ m , P°, P°, 
Pg W , P° s [Tlj . The explicit form of the projectors is given in Appendix B. 

The key point will be to notice that the higher than second derivative 
terms give rise to ghosts. For example, if the inverse propagator has the 
form 

(04 + ...)p2 + _ (02 + A ^Q2 + B) p2 + ? (g) 
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the propagator is 

This propagator has obviously a ghost. We want to stress that the situation 
here is distinct from that discussed in JT] for f(R) gravity. There the ghost 
related to the P s ° projector was actually necessary for the correct cancellation 
of the longitudinal part of the P 2 projector. Here we get a real ghost. It also 
can be shown that even when A = B there is a ghost, and it is impossible to 
make a consistent theory. 

In the light of the above discussion we can analyze the propagator arising 
from O a i3fj,u- Since the operator is written in terms of covariant derivatives 
it is not straightforward to write the inverse. However, what we must be 
concerned with are the highest derivatives, one can notice that 

V^V^V, = d a dpd,d u + {Cddd) aPllv + (10) 

Where C is a curvature depending coefficient. Thus we can write the prop- 
agator in the form 

p2 

G= (f P /2 + 2f Q )d* + Ad 2 + ... + - (U) 

This means that under general assumptions the theory has ghost. The only 
possibility not to have a graviton ghost is for the curvature Rq to satisfy the 
condition 

(fp/2 + 2/q) \ R=Ro = 0. (12) 

The realization of this requires the two algebraic equations © and (jT2j) to 
have the same solution R = R , which is not trivial to fulfill. Moreover, even 
in this case it is not guaranteed that the scalar field (P s ° projector) will not 
be a ghost. In the best case scenario we will get the theory reduced to a 
scalar-tensor gravity [TT] . 

We further give the explicit form of the propagator for a flat background 
(R = 0), 

p2 

G = 



(f P /2 + 2f Q )d* + f R /2d 2 + f/2 

P? Pi Pi , \ 

(13) 



2 (f P + f Q + fun) d 4 - f R d* - f/2 f/2 f/2 
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This propagator has a ghost in the spin-2 projector P 2 term. Moreover, we 
also expect a ghost in the scalar degree of freedom P s °, which got modified 
compared to the f(R) case and does not form a combination in order to 
cancel the longitudinal degree of freedom for the graviton. 

The conclusion is that a generically modified 4D gravity f(R, P, Q) has a 
ghost. One could argue that it is also possible to add a number of terms with 
derivatives of curvature invariants, but that would just add extra ghost poles. 
Correspondingly such modifications of gravity do not fit in the frame of our 
current understanding of weakly coupled field theory. This ghost is a real 
problem and even in the particular case (/p/2 + 2/q) \r=r = 0, although 
there is no graviton ghost, there can be one in the scalar field. The best 
we can do is to ensure that there is no ghost in the scalar field either. That 
would reduce this theory to scalar-tensor gravity which cannot accommodate 
both the acceleration of the universe and solar system observations. On 
the other hand higher dimensional theories can lead to a consistent infrared 
modification of gravity, a good example being the DGP model [7j. 

The authors would like to thank Gia Dvali for useful discussions. 
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The inverse propagator is 

Oafov = ( A 9a^9/3u + (B + C R) g a pg^) V 4 - 
- 2 (B + CR) g^V 2 V a Vp - 2Ag fiv V 2 V a V ll + 
+ (A + B + CR) V a V p V^7 v + 



where 



+ 
+ 



3/r R 
8 3 



9/p 
16 



RR 



R 2 

+ C— ) g^g^V 2 4 



1 (Zh 



+ R 



5/p . , . Irr 
+ JO. H — ^~ 



+ C— ) g^VaV/s 



fp . fQ r 

"2~ ~3 R 



R 3 ^ 

+ C— ) g a f3g„v, (14) 



A = 
C = 



fi 



B 



fi 



RR 



fpp fpQ _|_ fQQ 



R + 



f R P + 



2fRQ 
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V 2 EE V a V°, V 4 EE VaVVpV' 3 



(15) 



Also, this expression is understood to be symmetrized under the exchange of 
index pairs (a/5) «-> (/xi/) and under the exchange of index inside the pairs, 
a <-> /3 and /j, u. 

The covariant derivatives in this expression act on the second rank tensor 

h 

Appendix B 

Below we give the expressions for the ten operators which span the space of 
solutions to the linearized field equations [Hj: 



P 2 = 


2 (@np@uo- 


+ d pad up) 


l Q 

g " pv u pai 


P 1 = 

m 


- {dppUJ pa 


+ Qpo^vp 


+ dyp^pcr 


+ @u<j^pp), 


Pi = 


2 {QppUva 


— Qpo^vp 


— Qup^pu 


+ Qua^pp), 


Pi = 


2 i^pp^ucr 


Qpo^vp) 


? 




P 1 = 

me 


2 (QfipUva 


— Qpo^vp 


+ Qvp^po 


— Qua^pp), 


P 1 = 

em 


~ [Qpp^va 


+ Qpo^vp 


— Ovp^po 


— Qua^pp), 


P° = 

s 


h o 

g u pu"pai 








P° = 

w 


^ pv^ pa i 








p° = 

sw 


1 n 

^p^pv^pai 






p° = 

ws 


1 u B 

^p^pvVpoi 







where the transversal and longitudinal projectors in the momentum space 
are respectively 

Vpu u pu q 2 ' l* v Q2 ' 
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